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: 1 Introduction 

p 

' A capital letter T means a bounded linear operator on a Hilbert space. T ^ and 

T > mean a positive semidefinite operator and a positive definite operator, respectively. 
In the middle of last century, E. Heinz et al. studied operator theory and obtained 
^ , the following famous theorem: 

c5 ; Theorem LH (Lowner-Heinz inequality, [9j [8j). If ^ ^ B ^ 0, then A" ^ 5° for 

any a G [0, 1] . 

In 1987, T. Furuta proved the following operator inequality as an extension of The- 
orem LH: 

Theorem F (Furuta inequality, [4j). U A ^ B ^ 0, then for each r ^ 0, 
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[B^A^B^)! ^ {B2BPB2)^ (1.1) 
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{A2APA2)-, ^ (1.2) 

hold for p ^ 0, q ^ 1 with (1 + r)q ^ p + r. 

K. Tanahashi, in [lOj, proved the conditions p, q in Theorem F are best possible if 
r ^ 0. 

In 1995, T. Furuta showed another operator inequality which interpolates Theorem 

F: 

Theorem GF (Grand Fiiruta inequality, [5]). li A ^ B ^ with A> 0, then for 
each t € [0, 1] and p ^ 1, 

A^-^+'' ^ {A'2 {A- 5 BP A- 1 )M5 } (1.3) 

holds for s ^ 1 and r ^ t. 

Afterwards, some nice proof of Grand Furuta inequality are shown, such as [2], [6]. 
K. Tanahashi, in [11], proved that the outer exponent value of (1.3) is the best possible. 
Later on, the proof was improved, see [3J, [12J. 

Recently, T. Furuta proved the following theorem by Furuta inequality: 
Theorem A (|[2|)' If vl is a positive definite operator and B is positive semidefinite 
operator. Let m and n be nature numbers. There exists positive semidefinite operator 
solution X of the following operator equation: 

n ITT- , , , s 

^A'^-^XA^-^ = A^i^{22^~^^BA'~^)A^(^ (1.4) 

j=i 1=1 



for r such that 



r ^ 0, if n ^ m; 
r^^, ifm^n^2. 



In the rest of this short paper, we shall apply Grand Furuta inequality to discuss the 
existence of positive semidefinite solution of operator equation X]"=i A^'^ BA^~^ = B, 
and show a generalized special type of B due to Theorem A. 

2 Extension of Furuta's result 

Lemma 2.1 ([T], [7]). Let ^ be a positive definite operator and B a positive semidef- 
inite operator. Let m be a positive integer and x ^ 0. Then -^[(A + xB)"^]\^_^ = 
ET=i^"'~^BA^-\ 
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Theorem 2.1. Let ^ be a positive definite operator and i? be a positive semidefinite 
operator. Let m, n, k be positive integers, t G [0, 1]. There exists positive semidefinite 
operator solution X which satisfies the operator equation: 



E nr ^ — ^ n{m-t){k-i) _t n r — ^ n{m-j) "(j-l) 

=A2('"-')'= + 2'-{\ A {m-t)k + r 2 {m-t)k + r . j\{m-t)k + r j\{m-t)k + r y 

j=l i=l j=l 

n(m — 1) 



2'(m-t)fc + rj^ (m-t)fc+r 2(m-t)fc + 2r 



(2.1) 



for r such that 



if (1 - t)n ^ (m - t)k ; 



J ^ max{ ^"~*^^lf if (m - ^ (1 - t)n with n ^ 2 



Proof. As in the proof of [[7J, Theorem 2.1], by vl + xB ^ A > holds for any x ^ 0, 
then A^^ ^ + xB)^'^ > 0. Replace A by A^^, B hy {A + xB^^, p hy m, s hy k in 
(1.3), and take reverse, we have 

(^i {A-^{A + xB)"'A-i)^A'2 ) (m^^^fcV r ^^1-*+^ (2.2) 

For any a € [0, 1], apply Lowner-Heinz inequality to (2.2), and take ^ — i-t+r 
the following inequality is obtained: 



n {m—t)k+T 



(m — t)fc + r 



(^2(^-2(A + x5)'"A-2)'=^2)n u 



(2.3) 



By a G [0, 1] and the condition of r in Grand Furuta inequality , we can take r ^ t 
if (1 — t)n ^ (m — t)k, or r ^ maxj '-™ if (m — t)k ^ (1 — t)n with n ^ 2. 

Take y(x) = (Ai(A-i(A + xB)'"A-i)'^'^i)l According to (2.3), Y{x) ^ Y{0) = 

(7n — t)k-\-r r t 

A n for any x ^ 0, then y'(0) ^ 0. Differentiate y"(x) = A2{A'2{A + 

t 1 r 

xB)"^A^2) A2, use Lemma 2.1, then take x = 0, the following equality holds: 
d 



dx 

d_ 

dx 



[Y-{x)] 



= ^y(o)"-^y'(o)y-'-i 

x=0 j—]^ 



[A2 {A- 2 {A + xB)'^A-2fAi 



x=0 



\k—i 



x=0 



[{A-2{A + xB)'^A- 



+ xB)'^A—2y 

i=l 

■[{A-i{A + xB)'^A-^y-A 

lz=0 

k m 

^i{^[yl(™-*)('=-^)(^-|(^^"^-''M-i)^-|)yl(™-*)(*-i)]}A^ 



x=0 



i=l 



(m — t)k-\-r , 

Replace Y{0) by A ^ , Y'{0) by X, we have 

n 

E(m — t)k + T / ■\ (m — t)k-\-r / ■ -. \ 

k m 

= Ai A{^-t){k-i) [^-i ]yi('n-t)(i-i) . 

i=i i=i 

n 

Replace A by in above equality, then (2.1) is obtained. □ 

Remark 2.1. If take t = and /c = 1 in Theorem 2.1, this theorem is just Theorem A, 
which is the main result of [7]. 

Example 2.1. We use the same example as [7]: For two I x I matrices A and B, take 
A = diag{ai, a2, . . . , 02), all entries of B are 1. If m, n. A; are positive integers, t G [0, 1], 
there exists positive semidefinite matrix X which satisfies: 

n 

yl^^ — ;i — ^"^-J^XA — ^ — (^"^) 

i=l j=l 



for r such that 



r ^ t, if (1 — t)n ^ (m — t)k ; 

r ^ max{ ^"^ *"*n-i^ *^" ;^}) if ("^ ~ ^ (1 — 0^ with n ^ 2 . 



It is easy to calculate the expression of X: 

~ I ((m-t)A: + r)(n-j) ( (m- 1) fc + r) ( j - 1) I ' (^•'^) 

V ^]=iap " ag " J p,q=i,2,...,i 

Remark 2.2. The condition of r in Theorem 2.1 is necessary. If the condition cannot 
be fulfilled, the solution of the equation may be not positive semidefinite. 
For example, take 



^0 27' yi ly' 

and m = 2, n = 2, /c = 2, t = i in Example 2.1. If we put r = ^, then 



r 



^ max{ ^"^ *^n-i^ By (2.4), the solution of the following matrix equation 



aIx + XaI = A^(^A^A^BA-^ + A-^BA^) + {A^BA-^ + A-^BA^A^^A^ 



A2B + A2BA + ABA2 + BA2 
( 4 3 + 6x25\ 

\3 + 6x2^ 16x25 / 



IS 




X 



However, X is not a positive semidefinite matrix because its eigenvalues are 
{5.4007... ,-0.0372...}. 

Remark 2.3. In [Ij, the authors showed that if A and Y are positive semidefinite 

matrices in matrix equation A^'^X + A'^~'^XA H h AXA^'"^ + XA^~^ = Y, then so 

is X. By Theorem 2.1, in some special cases, if Y can be expressed as the right hand of 
(2.1), though it is not positive semidefinite, then there still exists positive semidefinite 
solution satisfies ^""^X + A^-'^XA + ■■■ + AXA''-'^ + XA""'^ = Y. 
For example, take 

1 \ / 4 3x23+6x2!\ 
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2 x 23y ^3 x 24 + 6 x 24 32 J 

Although Y is not a positive semidefinite matrix (because its eigenvalues are 
{37.5589 . . . , —1.5589 . . .}) , by simple calculation, the solution of the following matrix 
equation 

A^X + AX A + XA^ = Y 



is 



X 



( 4 3x2^+6x21 

■q 1 3" 

, 1+2x23+4x2^ 

3x2^+6x21 4x25 
\l+2x23+4x2H ^ 



which is still a definite matrix whose eigenvalues are {2.9013 . . . , 0.1119 . . .}. The critical 
reason is that Y can be expressed as follows, 

Y = ^l{^^|(2-^)[yl-ll(^^!(2-J')S^!(^'-i))A-^]Al(*-i)Ml, 
i=i j=i 

which is the right hand of (2.1) under the condition ofm = 2, n = 3, A; = 2, t = ^,r = l. 
Remark 2.4. The following question remains open: How to investigate the properties 
of the solution of operator equation + X''~'^AX + ■■■ + XAX"--^ + = B? 



5 



References 

[1] R. Bhatia, M. Uchiyama, The operator equation X^ILo^""*-^' ~ Expo. Math., 
27 (2009), 251-255. 

[2] M. Fujii, E. Kamei, Mean theoretic approach to the grand Furuta inequahty, Proc. 
Amer. Math. Soc, 124 (1996), 2751-2756. 

[3] M. Fujii, A. Matsumoto, R. Nakamoto, A short proof of the best possibihty for the 
grand Furuta inequahty, J. Inequal. Appl., 4 (1999), 339-344. 

[4] T. Furuta, B ^ assures {B'' APB^'f/'i ^ 5(p+20/<7 for r ^ 0, p ^ 0, g ^ 1 
with (1 + 2r)q ^p + 2r, Proc. Amer. Math. Soc, 101 (1987), 85-88. 

[5] T. Furuta, An extension of the Furuta inequahty and Ando-Hiai log majorization. 
Linear Algebra Appl., 219 (1995), 139-155. 

[6] T. Furuta, Simplified proof of an order preserving operator inequahty, Proc. Japan 
Acad., 74 (1998), 114. 

[7] T. Furuta, Positive semidefinite solutions of the operator equation 
E"=i^"~^^^^~^ = B, Linear Algebra Appl., 432 (2010), 949-955. 

[8] E. Heinz, Bcitrage zur Storungsteorie der Spektralzerlegung, Math. Ann., 123 
(1951), 415-438. 

[9] K. Lowner, Uber monotone MatrixFunktionen, Math. Z., 38 (1934), 177-216. 

[10] K. Tanahashi, Best possibility of the Furuta inequality, Proc. Amer. Math. Soc, 
124 (1996), 141-146. 

[11] K. Tanahashi, The best possibility of the grand Furuta inequality, Proc. Amer. 
Math. Soc, 128 (2000), 511-519. 

[12] T. Yamazaki, Simplified proof of Tanahashi's result on the best possibility of gen- 
eralized Furuta inequality. Math. Inequal. Appl., 2 (1999), 473-477. 



6 



